LECTURE 7 - ODE AND SIMULATION - OCTOBER 21

ODE and Simulation

How does a simulator advance the world?

t = f(z,t), z(ty) = x

X state column
rate of change
time; to is the start

Xo known initial state

Ordinary differential equation (ODE): a state’s rate of change
with time.

Initial-value problem (IVP) — [4] FNC §6.1
Mathematics for Robotics - ROB-GY 6013 - NYU Tandon - Jing Zhang - Fall 2026

x benchmark: x = —2x,x0 =1



https://fncbook.com/basics/

OBJECTS

ODE and Simulation

A trajectory and its stored samples

tr, = to + kh, Ty ~ Jj(tk)

h, k step size and sample index

x(t), x« exactstateand numerical sample

Initial state + rate model
| exact solution / numerical integration
Trajectory at requested times

Accuracy: error - Stability: repeated steps
Solver verification: exact / refined solution

Model validation: measurements

Exact solution; numerical solution — [4] FNC §6.2 - Course map

ROB-GY 6013 - Lecture 7 - ODE and Simulation

x benchmark: X = —2x,x0 =1

dots: Euler samples, h = .1
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DEFINITION

Vector Fields

An arrow gives a rate, not a destination

i = f(z,t) € R?

X2 =V
x d-component state column P e L, - “
f(x,t) d-component state rate
: S : A P (0,.75)
t time held fixed in a field picture -~ N \
Illustration: x=(q,v)™ and f=(v,—sin q)". Arrow lengths are scaled. 4 ? (1, 0) ‘
0 X1=(q
™ ™~ - o o

Directions of f(q, v) = (v, —sin q)

Vector field; phase portrait — [1] Tedrake, ch.2 - Course illustration
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ASSUMPTIONS

Vector Fields

One field, different initial states

x(@) two possible starts

—-2x the same rate model for both

Initial-value problem (IVP): a differential equation plus a starting state.

Initial condition; solution trajectory — [4] FNC §6.1 - Course example

ROB-GY 6013 - Lecture 7 - ODE and Simulation

state

starts 2 and 1; rate -2
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WORKED EXAMPLE

Vector Fields

Verify an exact decay solution

z(t) =e?* — i=-2z

x(@) one
—2 decay rate in inverse time

t elapsed time

Worked example: x(0.1) = 0.8187307531.

Exponential decay — [4] FNC §6.1 - Course example

ROB-GY 6013 - Lecture 7 - ODE and Simulation

x benchmark: x = —2x,x0 =1
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Vector Fields

Your turn: a changed decay rate

x scalar state
-3 fixed decay rate

2 initial value
Which trajectory satisfies BOTH the rate and the start?
A. exp(-3t)
B. 2 exp(-3t)
C. 2 exp(3t)

Exponential decay — [4] FNC §6.1 - Course example
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WHY

Robot State

Position alone does not predict motion

_ |4 _ 4
w—[v], v =g

q njoint positions

v N joint velocities q q
X 2n-component state
The same angle can occur while a joint moves in either direction.

V>0 V<O

same angle; opposite velocities

First-order system; state vector — [4] FNC §6.3
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MODEL

Robot State

The manipulator equation is a force balance

M(q)§+ C(g,v)v+g(q) =T

M nxn inertia; z’TMz>0 for every z+0
Cv velocity-dependent generalized forces
g, T gravity and applied generalized forces

q,Vv Dpositions and velocities

The model balances inertial, velocity-dependent and gravitational terms.

Manipulator dynamics; mass matrix — [2] Modern Robotics §8.1

ROB-GY 6013 - Lecture 7 - ODE and Simulation

applied force

— velocity force

— gravity

solve with inertia
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DERIVATION

Robot State

Rewrite the mechanics as a first-order ODE

(%

M(q)~'[r — C(g,v)v — g(q)]

T =

x [q;v], a 2n-column
1t applied generalized force

M-1 exists for positive-definite inertia

First order: only x appears. Solve M a = T — Cv — g for acceleration.

First-order system; forward dynamics — [2] Modern Robotics §8.1 - [4] FNC §6.3
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state x

position rate = velocity

q

A%

rate f(x,t)

velocity rate = acceleration

A"
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WORKED EXAMPLE

Robot State

A one-joint calculation

a
2

M,C 2and 0.5 at this state
g,t 3ands
q,v land2

Worked example: solve acceleration, then assemble the full derivative.

Forward dynamics — [2] Modern Rob

:5—aaa—3:&a i:[2]

otics §8.1 - Course example

ROB-GY 6013 - Lecture 7

+ ODE and Simulation

state x rate f(x,t)
1 f 2
—
2 5

position rate = velocity

velocity rate = acceleration
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Robot State

Your turn: reduce the applied force

M=2 C=5,9g=3,17=1,v=2
Ma=17—-Cv—g, &= (v,a)’

a acceleration

x=(q,v)T position then velocity

Which state rate follows from the force balance?
A. (-1.5,2)T

B. (2,-3)"

C.(2,-1.5)T

Forward dynamics — [2] Modern Robotics §8.1 - Course example
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MODEL

Linear Dynamics
A constant matrix gives a linear field

T = Az, A € R

X2
A constant matrix
Y v ¥ ¥ «
x d-component state
(0,.75)
Ax staterate atx \ \ S s
Illustrated A has rows (—1,—1) and (0,—2); the field is homogeneous. . . e 1,o)
X1
P4 o / % X

Directions of A x

Linear constant-coefficient system — [3] Strang, lecture 23 - Course example
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RECALL

Linear Dynamics
Recall the eigenvector coordinates

AV =VA, x="Vc

V dindependent eigenvectors as columns

X2

A\ eigenvalues in matching order va

¢ coordinates of x in that basis

Eigenbasis: d independent eigenvectors spanning the state space. Here vi=
(1,0)7, va=(1,1)".

Vi1
X1

Diagonalization; modal coordinates — [3] Strang, lecture 23
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DERIVATION

Linear Dynamics
The ODE separates into scalar modes

Ve=AVe=VAc = ¢=Ac

V constant invertible basis
ci coefficient of eigenvector i; one mode

N\ diagonal rate matrix

Multiply on the left by V'1; each coordinate now evolves alone.

Decoupled linear ODEs — [3] Strang, lecture 23 - Course derivation

ROB-GY 6013 - Lecture 7 - ODE and Simulation

mode

rate —1

rate —2
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RESULT

Linear Dynamics
Each eigenvalue is a continuous growth rate

ci(t) = etite; (0) mode
Ai rate of modei rate —1 rate —2

ci (@) initial amount of that mode

t time measured from zero

Negative rates decay; positive rates grow if the mode is present.

Eigenvalues; exponential growth and decay — [3]_Strang, lecture 23 - Course example
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YOUR TURN

Linear Dynamics
Return from modal coordinates

V [1 1] , A =diag(—1,-2)

0 1

V eigenvector basis
A\ matching eigenvalues

co coordinates of xo in the V basis

For NEW x0=(1,1)", which modal description is correct?
A. co=(0,1)T; only the —2 mode

B. co=(1,2)T; both modes

C. co=(1,1)T; both modes

Change of basis; matrix exponential — [3] Strang, lecture 23 - Course derivation
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DEFINITION

Linear Dynamics
The matrix exponential always exists

— (At)
et = Z 1 z(t) = etz
j=0

A any square constant matrix
j series index; A0=I

Xo Initial state

Diagonalization is one way to evaluate the solution, not an existence
requirement.

Matrix exponential — [3] Strang, lecture 23

ROB-GY 6013 - Lecture 7 - ODE and Simulation

X0
|
I+At+ (At)2/2! + ...
|
e”(At) xo
|

check initial value and derivative

17 / 51


https://ocw.mit.edu/courses/18-06-linear-algebra-spring-2010/resources/lecture-23-differential-equations-and-exp-at/

YOUR TURN

Linear Dynamics
A defective system

A:[_Ol _11} zo = (0,1)7, x(t) = (te ", e)T

defective fewer than nindependent eigenvectors in C?

v eigenvector; here v lies along (1,0)”
Does x(t) satisfy x=Ax and x(0)=x0?
A. No: a defective matrix has no solution.
B. No: the factor t forces growth forever.

C. Yes: its derivative and initial state both match.

Defective matrix; matrix exponential — [3] Strang, lecture 23 - [7] NIST DLMF §1.2 - Course example

ROB-GY 6013 - Lecture 7 - ODE and Simulation
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WORKED EXAMPLE

Linear Dynamics
A real rotation has complex eigenvalues

A= [(1) _01] , z(t) = (cost,sint)’ X2

xo (1,0)7
A constant rotation generator

A i over the complex field

X1
This trajectory stays on the unit circle.

Exact unit-circle oscillator

Complex eigenvalues; rotation — [3]_Strang, lecture 23 - Course example
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YOUR TURN

Linear Dynamics
Zero real parts need a closer look

0 1
Azlo 0]’ %= (0,17

A both eigenvalues zero
Xe chosen initial state

x(t) state to determine

What does this zero-eigenvalue example do?
A. x(t)=(0,1)": fixed

B. x(t)=(t,1)T: unbounded

C. x(t)=(exp(t),1)": exponential growth

Boundedness; asymptotic decay — [3]_Strang, lecture 23
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DERIVATION

Euler's Method

An exact step is an integral

t+h

z(t+ h) —x(t) = f(x(s),s)ds 0

t rate = —2 exp(-2t)

rate

h positive interval length
s integration variable

f(x(s),s) ratealongthe unknown path

The fundamental theorem of calculus gives the starting relation.

-2.2

: : time
shaded signed area = exact increment

Integral form of an ODE — [4] FNC §6.2 - Course derivation
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RULE

Euler's Method

Euler uses the rate at the start

L1 — Tk 7 hf((Ek,tk) x benchmark: X = —2x, xo0 = 1
X, current numerical state exact curve
h positive time step Euler tangent step

f(xy,te) rate atthe old state

Every component uses the same old state.

Explicit Euler method — [4] FNC §6.2
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WORKED EXAMPLE

Euler's Method

One step against an exact answer

L1 — 1+ 01(—2) = 0.8 x benchmark: X = —2x, xo0 = 1
Xo ONE€ exact curve
h o.1 Euler tangent step
f(x) -2x

Worked example: exact x(0.1)=0.8187307531; Euler is lower.

Explicit Euler method; one-step error — [4] FNC §6.2 - Course example
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Euler's Method

Your turn: two larger steps

i= 22 xzp=1, h=02

h fixed time step
Xo 1nitial numerical state

X2 approximation at t=0.4

Which Euler pair uses a fresh rate at each step?
A. x1=.6, x2=.36

B. x1=.6, x2=.2

C.x1=.8, x2=.64

Explicit Euler method — [4] FNC §6.2 - Course example
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ERROR ANALYSIS

Euler's Method

Local error and accumulated error differ

w(t —|— h) =y —|— ha: —|— %h2w —|— O(h3) x benchmark: X = —2x,x0 =1
i = ft —|— J ff exact curve

Euler tangent step

x, T evaluated on the exact path at time t
f., Jf time derivative; (Jf);;j=01i/0x

C2: continuous derivatives through order 2. O(hr): size < C hr for small h.
Local state error = h x normalized local truncation error.

Local error; global error — [4] FNC §6.2
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RECALL AND DERIVATION

Numerical Stability

A repeated step has a multiplier

t=Ax = w1 = (1+hNz

A constant scalar rate
h step size
1+hA numerical amplification factor

H Hessian: second derivatives of the fixed quadratic

Recall Lecture 6: A=—H turns this into the gradient-descent multiplier.

Amplification factor — [4] FNC §11.3

ROB-GY 6013 : Lecture 7 - ODE and Simulation

state
factor o factor -0.6 factor -1.4 /

step k
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DERIVATION

Numerical Stability
The strict inequality decides decay

1+hA\ <1 <= 0<h<-=2/)\

A real negative rate
h positive step size

| 1+hA| size of each numerical multiplier

FNC: bounded if [1+hA| < 1. Here: decay needs |1+hA| < 1.

Absolute stability; asymptotic decay — [4] FNC §11.3

ROB-GY 6013 : Lecture 7 - ODE and Simulation

state
factor -1 factor -0.6 factor -1.4
W% Z
step k
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Numerical Stability

Predict three step-size regimes

i = —4z, he{.25 4.6}

A fixed decay rate
h candidate steps

Xo any nonzero start

For h=.25, .4, .6, which Euler behaviors occur in order?
A. Zero; alternating growth; alternating growth

B. All decay because the ODE is stable

C. Zero; alternating decay; alternating growth

Step-size restriction; asymptotic decay — [4] FNC §11.3 - Course example
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YOUR TURN

Numerical Stability
Every mode must satisfy the bound

¢t = Az, A = diag(—2,—8)
A constant state matrix

h one step used for both modes

xo arbitrary initial state

For Euler, which interval gives decay from EVERY start?
A. o<h<1/4

B. o<h<1/4

C. o<h<1

Stability of a linear system — [4] FNC §11.3 - Course example
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DIAGNOSTIC

Numerical Stability

Euler adds energy to an oscillator

. |0 -1
x = Ax, A-[l O]

144k =v1+h2>1 (h>0)

+i eigenvalues of A

h positive Euler step

A bounded exact orbit can produce an outward numerical spiral.

Absolute stability; harmonic oscillator — [4] FNC §11.3

ROB-GY 6013 - Lecture 7 - ODE and Simulation

Euler, h = .1; 150 discrete updates

X1
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RECAP

Numerical Stability

Model validation and solver verification

model: e Euler: 1 + AX

A continuous rate

Same model, two comparisons

h step size Numerical solution

two factors exactand numerical evolution over the same interval
compare with

Invariant: constant along an exact trajectory. Solver verification checks

equations; model validation checks measurements. Exact / refined solution

tests the solver and step size

Model prediction «<» measurements
tests the physical model

Verification; validation — [5] NASA, V&V glossary
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WHY

Runge—Kutta Methods
Sample the field inside the step

Az = /:Hh f(z(s),s)ds

k
Ax exact increment from the current exact state
f state-rate model along the exact trajectory

h one integration interval

A better slope estimate can improve the same time step.

Runge—Kutta methods — [4] FNC §6.4 - Course diagram

ROB-GY 6013 - Lecture 7 - ODE and Simulation

Example: x = —2x, h = 0.2

-~
-,
Ss

xtrial™~

T U §
0 h/2 h

ki1: slope used for the half-step trial
ka: slope evaluated at xtrial
x1 = xo0 + h kz; blue: exact solution
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RULE

Runge—Kutta Methods

Construct a trial midpoint

kl — f(wkatk)a Ttrial = Tk + %kl
ks = f(Ttrial, tr + 2)

k1, k2 initial and trial-midpoint rates
xtrial temporary state at ty+h/2
h ki1/2 estimated change over half a step

Explicit midpoint: second-order Runge—Kutta (RK2). FNC also calls it
improved Euler (IE2).

Explicit midpoint method (RK2) — [4] FNC §6.4 - Course diagram

ROB-GY 6013 - Lecture 7 - ODE and Simulation

Example: x = —2x, h = 0.2

-~
-,
Ss

xtrial™~

; 't
0 h/2 h

ki1: slope used for the half-step trial

ka: slope evaluated at xtrial

x1 = xo0 + h kz; blue: exact solution
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WORKED EXAMPLE

Runge—Kutta Methods

Advance with the midpoint rate

Tpi1 = T + hko
X, original current state

k. rate evaluated at the temporary midpoint state
h full step length

X=-2X, X0=1, h=.2: k1i=-2 — trial=.8 — k2=-1.6 — x1=.68.

Explicit midpoint method (RK2) — [4] FNC §6.4 - Course diagram

ROB-GY 6013 - Lecture 7 - ODE and Simulation

Example: x = —2x, h = 0.2

-~
-,
Ss

xtrial™~

T U §
0 h/2 h

ki1: slope used for the half-step trial
ka: slope evaluated at xtrial
x1 = xo0 + h kz; blue: exact solution
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Runge—Kutta Methods

Your turn: halve the midpoint step

t=—-2x, z(0)=zy=1, h=0.1

xtrial xo+(h/2)ki;temporary midpoint state
ki,k2 f(xo),f(xtrial): rates

h k. estimated change over the whole step
Explicit midpoint: which x1 estimates x(0+h)?
A. .9: xtrial
B. .72: xtrial + h k2
C..82:x0+ hk2

Explicit midpoint method (RK2) — [4] FNC §6.4 - Course diagram
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RULE

Runge—Kutta Methods

Classical RK4 evaluates four rates

(z,t)

(x + hk1/2,t + h/2)
(z

(

+ hky/2,t + h/2)
x + hks,t + h)

||
x\\\

x,t current state and time
h one full step

ki..ka four rates with state/time units

RK4: classical fourth-order Runge—Kutta. Each trial starts from the same x.

Classical fourth-order Runge—Kutta (RK4) — [4] FNC §6.4 - Course diagram

ROB-GY 6013 - Lecture 7 - ODE and Simulation

trial state, time — rate

X, t — ki
i

x+hki/2,t+h/2 > k2
|

X +hk2/2,t+h/2 — ks
)

Xx+hks,t+h—ka

all trials start from the original x
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WORKED EXAMPLE

Runge—Kutta Methods

Combine the four rates

h
L1 — Tk + E(k'l -+ 21{52 + Zk‘g -+ k‘4)

ki..ka RK4 rates
1,2,2,1 weights before division by six
h full step length

X=-2X, X0=1, h=.2: rates (-2,-1.6,-1.68,-1.328) give x1=.6704.

Classical RK4; weighted stage sum — [4] FNC §6.4 - Course diagram

ROB-GY 6013 - Lecture 7 - ODE and Simulation

rates: -2, -1.6, —1.68, —1.328

\

weighted rate = (k1+2k2+2ks+k4)/6
i

change = h x (-1.648) = -0.3296
!

next state =1 — 0.3296 = 0.6704

one time interval: o toh = 0.2
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Runge—Kutta Methods

Your turn: compare equal model-call budgets

i—= -2z, xzp=1 h=0.1
h one RK4 step interval
cost number of calls to f

How many Euler substeps match ONE RK4 step in model calls?
A. Four, each h/4, over the same interval

B. One, with step h

C. Four, each h, over the same interval

Function evaluations; order of accuracy — [4] FNC §6.4

ROB-GY 6013 - Lecture 7 - ODE and Simulation
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COMPARISON

Runge—Kutta Methods

Accuracy improves at a computational price

EBuler = O (h) y  €midpoint — 0 (h2 ) y ERK4 = O (h4 ) error (schematic)
h”1 h”2 h"4

€ norm of state error at a fixed final time
h step tending to zero

assumptions bounded derivatives; field locally Lipschitz near solution

Absolute-stability region: hA values with bounded repeated updates on x=Ax.
Alarge RK4 step can fail.

unit leading coefficient for comparison

Order of accuracy; absolute stability — [4] FNC §6.4 - [4] FNC §11.3
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MODEL

Pendulum Simulation
The restoring acceleration has a sign

: : 0 .
q="v, V= —=—sing

14

q angle from downward vertical
v angular velocity

ge, ¢ DPositive gravity acceleration and length

Unforced, undamped motion is the model for this comparison.

Simple pendulum; first-order system — [1] Tedrake, ch.2

ROB-GY 6013 - Lecture 7 - ODE and Simulation

Schematic angle; not an integrated trajectory

downward reference
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DEFINITION

Pendulum Simulation
Mechanical energy is a diagnostic

E(g,v) = $ml*v* + mgol(1 — cosq)

q,v angleand angular velocity
m, ¢,ge mass,length and gravity
two terms kinetic and potential energy

The zero of potential energy is a convention; energy differences have
meaning.

Mechanical energy — [1] Tedrake, ch.2

ROB-GY 6013 - Lecture 7 - ODE and Simulation

energy
Potential, v=0

m ={ =go = 1; add v2/2
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DERIVATION

Pendulum Simulation
The exact dynamics conserve energy

E = ml*v® + mgol(1 — cosq)
E = mbvo + mgofsingqg = 0

q=v kinematic identity
v —(go/Dsinq
E rate of mechanical energy

The two terms cancel only for the stated unforced, undamped model.

Conservation of mechanical energy — [1] Tedrake, ch.2

ROB-GY 6013 - Lecture 7 - ODE and Simulation

energy
Potential, v=0

m ={ =go = 1; add v2/2
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YOUR TURN

Integrated Pendulum Problem
Choose the state and the check first

g=—sing, q=1, v =0
qe,Vve angleand angular velocity

model unforced, undamped; m=f=go=1

Which state and field give a first-order ODE for this model?
A. x=q; f=-sin q

B. x=(q,v)"; f=(v,—sin q)*

C. x=(q,v)"; f=(-sin q,v)*

Pendulum IVP; numerical integration — [1] Tedrake, ch.2 - [4] FNC §6.4 - Course example

ROB-GY 6013 - Lecture 7 - ODE and Simulation
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YOUR TURN

Integrated Pendulum Problem
Compare states at t = 0.1

zo = (1,0)T, h=.1, f(q,v) = (v, —sing)”
x=(q,v)T angleand angular velocity

h full time step
Why can midpoint give q1#qo even though vo=0?
A. Nonzero velocity at the trial midpoint.
B. Twice the physical time.

C. A different initial velocity.

Euler and explicit midpoint methods — [4] FNC §6.2 - [4] FNC §6.4 - Course example
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YOUR TURN

Integrated Pendulum Problem
Repeat to the same final time

& = (v,—sing)’, z(0)= (1,07, T =10
N step count
E v2/2+1-cosq
AE Eat T minus E at o

Halve h: how do we still end at time T=10?
A. Keep N.

B. Stop at equal E.

C. Double N.

Global error; step refinement — [4] FNC §6.2 - [4] FNC §6.4 - Course example
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YOUR TURN

Integrated Pendulum Problem
Compare two energy-matched states

E(q,v) =v*/2+1 —cosq
q,v angle and angular velocity

E energy
What does equal energy of two pendulum states establish?
A. Their angles and velocities are equal.

B. They can still be different states.

C. Both numerical trajectories are exact.

Energy level; state error — [1] Tedrake, ch.2 - Course example
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YOUR TURN

Independent Transfer
Transfer: a moving pendulum near the top

o — T, 'U():]., h:]., mzfzg():l
qe, Vo Initial angle and angular velocity

f(q,v) (v,=sing)’
E(q,v) Vv2/2+1-cosq

One call: which method and energy claim is correct?
A. Euler; this step decreases energy.
B. Midpoint; one call is enough.

C. Euler; every step increases energy.

Pendulum IVP; explicit Euler method — [1] Tedrake, ch.2 - [4] FNC §6.2 - Course example
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YOUR TURN

Simulation Checklist
Simulation workflow

z = f(,1), z(to) = o

x complete state
model unforced, undamped pendulum; q=-sin q

h chosen integration step
For this pendulum simulation, which workflow distinguishes errors?
A. Use q alone; shrink h until the curve looks smooth.
B. Use f as the next state; inspect only energy.

C. Use (q,v), integrate rates, compare states and energy.

Verification; validation; step refinement — [5] NASA, V&V glossary - [4] FNC §6.2 - Course checklist
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CONNECTION

Simulation Checklist
A learned field still needs an integrator

& = vg(x,t)

vO rate model with learned parameters 0

X generated state

t continuous evolution coordinate

A learned field supplies rates; Euler or Runge—Kutta advances the state.

Neural ODE; numerical integration — [6]_ Chen et al. (2018), §1

ROB-GY 6013 - Lecture 7 - ODE and Simulation

current state x, time t
}

learned field vO(x,t)
|

rate for every component
{

integrator + h — next state
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